We propose a spectrometric method to detect a classical weak force acting upon the moving end mirror in a cavity optomechanical system. The force changes the equilibrium position of the mirror, and thus the resonance frequency of the cavity field depends on the force to be detected. As a result, the magnitude of the force can be inferred by analyzing the single-photon emission and scattering spectra of the optomechanical cavity. Since the emission and scattering processes are much faster than the characteristic mechanical dissipation, the influence of the mechanical thermal noise is negligible in this spectrometric detection scheme. We also extent this spectrometric method to detect a monochromatic oscillating force by utilizing an optomechanical coupling modulated at the same frequency as the force.
I. INTRODUCTION
Cavity optomechanical systems provide a superior platform for study of the radiation-pressure interaction between electromagnetic fields and mechanical oscillation [1] [2] [3] [4] . How to understand, manipulate, and exploit the optomechanical (radiation-pressure) interaction is an important research topic in this field. Until now, great theoretical and experimental advances have been made in various optomechanical topics such as groundstate cooling of moving mirrors [5] [6] [7] [8] [9] [10] , optomechanically induced transparency [11] [12] [13] , optomechanical entanglement [14] [15] [16] [17] [18] [19] , and other applications based on optomechanical technology [20] .
From the view point of applications, cavity optomechanical systems are elegant candidates for implementation of ultrasensitive detection of weak forces and tiny displacement [21] [22] [23] [24] [25] , ultrasensitive accelerometer [26] , magnetometer [27, 28] , and other precision measurement schemes. This is because the two elements of cavity optomechanical systems, the optical field and the mechanical oscillator, are excellent systems for realization of the signal detection and signal sensing [29, 30] . For example, the optical degree of freedom can be used to implement ultrasensitive phase measurement in various interferometers [21] , and the mechanical resonators are widely used for sensing weak forces [31, 32] . Owing to these features, the optomechanical systems have been suggested to study high-sensitivity interferometric measurements in quantum metrology. Recently, several schemes have been proposed to implement the detection of weak forces with the optomechanical systems working in the strongdriving and linearization regime [33] [34] [35] [36] [37] [38] [39] [40] . In usual force detection schemes, the detections are performed based on the steady state of the system, and hence the thermal * jfhuang@hunnu.edu.cn † jqliao@hunnu.edu.cn noise of the mechanical mode will affect the detection precision. Currently, several optomechanical systems are approaching the single-photon strong-coupling regime [41] [42] [43] [44] , and much attention has been paid to the study of optomechanical interaction at the single-photon level [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] . In this regime, the radiation pressure induced by a single photon could lead to observable physical effects. Therefore, a natural question is if we can detect a weak force by utilizing the sensitivity of a single photon. In this paper, we propose a reliable method to detect weak forces by analyzing the spectrum of a single photon either emitted or scattered by the optomechanical cavity. The external force acting upon the moving end mirror leads to a change of the cavity resonance frequency, which could be inferred from the frequency shift of the single-photon emission and scattering spectra. This physical mechanism motivates us to study the spectrometric detection of weak external forces. In typical optomechanical systems, the decay rate of the moving mirror is much smaller than that of the cavity field, and hence the influence of the thermal noise from the mechanical resonator can be neglected in the single-photon emission and scattering processes. The reason is that during the time interval of single-photon emission and scattering, the damping of the mirror motion is negligible. This feature is an advantage of the spectrometric method over other schemes based on linearized optomechanical interaction and steady-state measurement. Note that the single-photon emission and scattering spectra in an optomechanical cavity have been suggested to evaluate the optomechanical coupling strength [47] and to implement quantum state reconstruction of the mechanical mode [53] .
The rest of this paper is organized as follows. In Sec. II, we introduce the optomechanical model and present the Hamiltonian. In Sec. III, we obtain the exact solutions of single-photon emission and scattering under the WignerWeisskopf framework, and analyze how to infer the force magnitude from the shift of the single-photon spectra. In Sec. IV, we extend the spectrometric method to detect a monochromatic oscillating force. Finally, we conclude this work with some discussions in Sec. V.
II. MODEL AND HAMILTONIAN
We start with introducing the Fabry-Pérot-type optomechanical cavity [see Fig. 1(a) ], which is formed by a fixed end mirror and a moving end mirror. This optomechanical system is used to detect a constant force acting upon the moving mirror. We consider the adiabatic regime where the mechanical resonance frequency is much smaller than the free spectral range of the cavity, then there are no photons scattering among these cavity modes, and hence one can only focus on a single field mode in the cavity [55, 56] . We also assume that the oscillation amplitude of the moving mirror is much smaller than the rest length of the cavity, then one can perform a linear expansion of the cavity frequency as a function of the oscillation displacement. Under the adiabatic approximation and the linear expansion, the Hamiltonian of the optomechanical cavity under the action of the constant force reads ( = 1)
whereâ (â † ) andb (b † ) are, respectively, the annihilation (creation) operators of the cavity field and the mechanical mode, with the corresponding resonance frequencies ω c and ω M , the g 0 term describes the radiation-pressure coupling between the single-mode cavity field and the mechanical oscillation, with g 0 being the single-photon optomechanical-coupling strength. The term −η(b † +b) describes a classical constant force f acting upon the moving end mirror, where the coupling strength is defined by η = f x 0 , with x 0 = 1/ √ 2M ω M being the zeropoint fluctuation of the moving mirror with mass M .
To understand the physical mechanism of the force detection, we first analyze the eigensystem of the HamiltonianĤ opc . Let us denote |m a and |j b (m, j = 0, 1, 2, · · · ) as number states of the cavity field and the mechanical resonator, respectively, then the eigenequation of the HamiltonianĤ opc can be obtained aŝ
where the eigenvalues are given by
The eigenstates are the direct product of photon number states |m a and m-photon-dependent displaced phonon number states
with β m = (g 0 m+η)/ω M being the m-photon-dependent displacement. For studying the single-photon spectra,
Schematic of the Fabry-Pérot-type optomechanical cavity formed by a fixed end mirror and a moving end mirror. The classical constant force f acting on the moving mirror is detected by analyzing the single-photon emission and scattering spectra. The outside fields corresponding to the detected photons and the leaked photons are described by two independent vacuum bathsĉ k anddq, respectively. (b) The eigensystem of the optomechanical cavity limited within the zero-and one-photon subspaces.
in Fig. 1(b) we show the eigensystem of the optomechanical cavity in the zero-and single-photon state subspaces. Here we can see that, corresponding to the cavity field states |0 a and |1 a , the ground-state energies of the mechanical degree of freedom move down by the values η 2 /ω M and (g 0 + η) 2 /ω M , respectively. These energy shifts can be observed from the single-photon emission and scattering spectra of the optomechanical cavity.
The relationship between the external force and the energy shifts motivates us to detect the force by analyzing the spectra of a single photon emitted and scattered by the optomechanical cavity. To calculate the singlephoton spectra, the detected continuous fields outside the cavity should be treated quantum mechanically, and the degrees of freedom of the detected fields cannot be traced because we need to solve the steady-state photon number distribution in these detected continuous fields (ĉ k ). Moreover, in a realistic optomechanical system, there always exist some photons leaking through other undetected channels. To include this photon loss effect, we introduce another vacuum bath (d q ) to the cavity field so that the photons leaking through other channels can be covered. Based on the above analyses, the Hamilto-nian of the two vacuum baths can be written aŝ
whereĉ k andĉ † k are the annihilation and creation operators of the kth mode of the detected outside fields with the resonance frequency ω k , the commutation relation is given by [ĉ k ,ĉ † k ′ ] = δ k,k ′ . The annihilation and creation operatorsd q andd † q describe the qth mode of the undetected vacuum bath, with the resonance frequency ω q and the commutation relation [ 
The two vacuum baths are independent of each other and are coupled to the cavity through the photon-hopping interaction. The interaction Hamiltonian describing the couplings between the optomechanical cavity and the two vacuum baths can be written as [57] (6) where ξ k = ξ(ω k ) and χ q = χ(ω q ) are the strengths of the photon hopping corresponding to the detected and undetected vacuum baths, respectively. Based on the above analysis, the total Hamiltonian can be written aŝ
which describes the whole system including the optomechanical cavity and the two vacuum baths.
III. SPECTROMETRIC DETECTION OF THE FORCE
In this section, we study how to detect the external force acting on the moving mirror by analyzing the spectrum of a single photon either emitted or scattered by the optomechanical cavity.
A. Equations of motion
In a rotating frame with respect toĤ 0 = ω c (â †â + kĉ † kĉ k + qd † qd q ), Hamiltonian (7) becomeŝ
where ∆ k = ω k −ω c and ∆ q = ω q −ω c are the frequencies of the continuous field modes in the rotating frame. In this system, the total photon number operator, defined byN =â For studying single-photon emission and scattering, we restrict the system within the single-photon subspace, in which a general pure state of the total system can be expressed as
where |∅ c and |∅ d are the vacuum states of the two baths, |1 k c =ĉ † k |∅ c and |1 q d =d † q |∅ d are the singlephoton basis states of the two baths, A n (t), B n,k (t), and C n,q (t) are the corresponding probability amplitudes.
Inserting Hamiltonian (8) and single photon state (9) into the Schrödinger equation i ∂ ∂t |ϕ(t) = H I |ϕ(t) , we obtain the following equations of motion for these probability amplitudeṡ
Here these transition matrix elements are determined by the coupling strengths ξ k , χ q , and the Franck-
, which are the overlap between the zero-photon displaced phonon number states and the single-photon displaced phonon number states. The value of these Franck-Condon factors can be calculated by [58, 59] 
where
In principle, we can solve Eq. (10) for these probability amplitudes under given initial conditions. Corresponding to the single-photon emission and scattering cases, the single photon is assumed to be initially in the cavity and the detected continuous fields outside the cavity, respectively. Based on these probability amplitudes, the steady state of the system can be obtained by taking the long-time limit of state (9), and we can calculate the single-photon spectra by evaluating the photon number distribution in the detected continuous fields. In the next two subsections, we will consider the force detection based on single-photon emission and scattering spectra, respectively.
B. Force detection by emission spectrum
In the single-photon emission case, the single photon is initially in the cavity. For the moving mirror, its state could be an arbitrary state. In our discussions, we will consider the number state, coherent state, and thermal state. Below, we will first solve Eq. (10) corresponding to an initial number state |m 0 b of the moving mirror. Once the solution for this number-state case is found, the solution for a general initial state of the moving mirror can be obtained accordingly by superposition. Corresponding to the initial state of the total system
the initial condition of these probability amplitudes is given by
Based on the initial condition, the transient solution of these probability amplitudes can be obtained. For studying single-photon spectra, here we only show the longtime solution
Here γ = γ c + γ d is the total decay rate of the cavity field, γ c = 2πµ(ω c )ξ 2 (ω c ) and γ d = 2πν(ω c )χ 2 (ω c ) are, respectively, the decay rates corresponding to the detected and undetected continuous fields, with µ(ω k ) and ν(ω q ) being the densities of state corresponding to the two decay channels. In this work, the cavity frequency is much larger than the mechanical frequency and we treat the emission of the cavity field under the WignerWeisskopf framework. Namely, we assume that the cavity bath spectral density is flat over the whole range of relevant phonon sidebands, then the cavity dissipation can be described by two rates γ c and γ d . In particular, in all the calculations relating the integral of variables ω k and ω q , we can make the replacements ω k → ω c and ω q → ω c in the variables µ(ω k ), ξ(ω k ), ν(ω q ), and χ(ω q ). The parameter ζ = η 2 /ω M is the ground-state energy shift of the mirror induced by the force (i.e., the energy shift corresponding to the zero-photon state), and
is the difference between the two ground-state energy shifts of the mirror corresponding to the single-photon and zerophoton states, as shown in Fig. 1 . Note that here we add an index m 0 to these probability amplitudes in Eq. (14) for marking the corresponding initial state |m 0 b . It should be pointed out that the long-time limit actually refers to the time scale of 1/γ ≪ t ≪ 1/γ M with γ M being the decay rate of the moving mirror. This is because γ ≫ γ M in most realistic optomechanical systems, and thus the damping of the mechanical motion is negligible until the single photon has been completely leaked out of the cavity.
In the long-time limit, the single photon leaks completely out of the cavity, then A m0,m (∞) = 0. Since the single photon is initially in the cavity, we can expand the initial state of the moving mirror with the single-photon displaced number states as
When the photon is emitted out of the cavity, the cavity field and the moving mirror experience the transitions |1 a → |0 a and |ñ(1) b → |m(0) b , respectively. This transition process can be seen from the numerator of the probability amplitudes B m0,m,k (t → ∞) and C m0,m,q (t → ∞). In the single-photon emission process, the phonon sidebands will participate the transition process, and thus the frequency of the emitted photon will be determined by the resonance conditions
These two resonance conditions can also be obtained from the real part of the pole of the denominator in B m0,m,k (t → ∞) and C m0,m,q (t → ∞).
The motivation of this work is to detect the force acting on the moving mirror by analyzing the spectrum of single-photon emission and scattering. In this system, the single-photon spectra can be obtained by calculating the final reservoir occupation distribution [60] , namely the probability density for finding the single photon in the kth mode of these detected continuous fields outside the cavity. When the moving mirror is initially in either a pure state 
as [47]
The resonance condition in Eq. (15a) shows that these resonance peaks of the detected continuous fields are lo-
The external force f causes a frequency shift −2g 0 η/ω M = −2g 0 f x 0 /ω M of the resonance peaks in the spectrum. The magnitude of the force can be inferred from the frequency shift of these resonance sidebands. In particular, when m = n, there always exists a peak at ∆ k = −(g 2 0 + 2g 0 η)/ω M . This peak is considered as the zero-phonon line (ZPL) because it corresponds to the nophonon-assisted transition.
In this force detection scheme, we expect that the system works in the deep-resolved-sideband regime ω M ≫ γ and the single-photon strong-coupling regime g 0 ≫ γ so that these sideband peaks are sufficient sharp to be resolved and two most neighboring peaks are separated from each other very clearly [45] [46] [47] . In Fig. 2 , we plot the single-photon emission spectrum as a function of ∆ k when the moving mirror is initially in var- (n th +1) n+1 |n bb n| with average thermal phonon numbern th = 1. Here we see some phonon sideband peaks in the spectrum. The location of these sideband peaks is independent of the initial states of the moving mirror, but the height of these peaks depends on the mechanical states. This is because the expansion coefficients of the superposition components |ñ(1) b are different for different initial states of the mirror. In addition, we see from Eqs. (14) and (16) that, for a given γ, the magnitude of the decay rate γ c affects the height of the spectrum because the numerator of the emission spectrum is proportional to γ c .
To analyze the shift of these sideband peaks caused by the force f , we compare the shifted emission spectrum with the original emission spectrum which is obtained in the absence of force f . When the force f is applied to the moving mirror, the resonance sideband peaks in the emission spectrum will be shifted in the frequency space by 2g 0 η/ω M which is a linear function of the force magnitude f because of η = f x 0 . To characterize this frequency shift, it is needed to choose a peak as the reference. In this system, however, there are many phonon sideband peaks in the spectrum. These phonon sideband peaks might cause confusion when we decide the frequency shift induced by the external force, because the shifted peak might stride several phonon sideband peaks. Therefore, a detailed analysis on the dependence of the peak shift on the force magnitude is needed to evaluate the force. Concretely, we consider two cases: η > 0 and η < 0, which correspond to the situations in which the force and the defined positive mechanical oscillation are in the same and opposite directions, respectively. When η > 0, we have −(g 2 0 +2g 0 η)/ω M < 0, which means that the ZPL is in the red-sideband zone. Depending on the relation between the parameters g 0 , η, and ω M , the ZPL could be in the range −(m + 1)ω M < −(g 2 0 + 2g 0 η)/ω M < −mω M for a natural number m, and then the first (labeled from right to left in the region ∆ k < 0) peak in the red sideband is located at ∆ k = mω M − (g In Fig. 3 , we show the single-photon emission spectrum of the optomechanical cavity when the magnitude of the external force takes various values: η/ω M = 0.01, 0.02 and 0.04. We also present the emission spectrum in the absence of the force (i.e., η = 0) as a reference. Here the initial state of the movable mirror is taken as |0 b . From Fig. 3 we can see that the resonant peaks in the emission spectrum will be shifted due to the action of the external force. By checking the parameters and the peak shifts, we find that the locations of these sideband peaks are shifted by 2g 0 η/ω M , as expected by the above analyses. Since these peak shifts corresponding to the used values do not cross the sidebands, the force magnitude can be inferred directly from the spectrum shift. For the parameters used in Fig. 3 , the force parameter should satisfy the condition η > γω M /(2g 0 ) = 0.0125ω M to resolve the peak shift from the peak width, in the sense that the distance between the shifted peak and the peak of reference should be larger than the full width at half maximum of the peaks. Here we can see that the peak shift in the case of η/ω M = 0.01 can not be resolved from the original peak, while it can be resolved in the cases of η/ω M = 0.02 and 0.04 (see the inset). For a sufficient large force, the peak shift might cross several sidebands, then how to decide the peak of reference becomes a critical problem. A possible method for solving this problem is a pre-estimation of the magnitude of the force. By analyzing the correct frequency shift of the sideband peaks, then the magnitude of the force can be inferred. Otherwise, if a wrong peak is selected, then the value of the estimated external force will differ the correct force by the error ∆f = lω 2 M /(2g 0 x 0 ) with l being the number of the miscounted sidebands. Here we assume that the error of the frequency shift is only caused by a wrong count of the number of crossed sidebands. Below, we give some evaluation on the detection sensitivity of the force. In this system, the width of these sideband peaks is approximately γ, then the measurement accuracy of the η is γω M /(2g 0 ) which is determined by the condition 2g 0 η/ω M > γ. In the resolved-sideband regime γ ≪ ω M , the measurement error ∆η = ∆f x 0 = lω 2 M /(2g 0 ) is much greater than the measurement accuracy, which means that the main reason for inaccurate measurement is the wrong estimation of the peak shift.
To see the phenomenon of the peak shifts crossing sidebands, in Fig. 4 we display the single-photon emission spectrum when the force parameter takes different values η/ω M = 0.02 and 0.02 ± ω M /(2g 0 ). Here the amplitudes ω M /(2g 0 ) and −ω M /(2g 0 ) correspond to the peak shift crossing right one sideband peak towards the left and right, respectively. Figure 4 shows that the locations of these sideband peaks in these emission spectra are the same. However, the spectra for η/ω M = 0.02 ± ω M /(2g 0 ) can not obtained by a direct displacement of the spectrum for η/ω M = 0.02 in the frequency space. This is because the values of these Franck-Condon factors in Eqs. (14) are also determined by the value of η.
The correctness of the choice of the peak shift can be checked as follows. We use the obtained value of η to calculate a theoretic emission spectrum, and then compare this theoretic emission spectrum with the spectrum obtained in experiments. If the theoretic spectrum matches well with the experimental spectrum, then the selected peak shift is the true value, and the magnitude of the external force can be inferred correctly from the value of η. Otherwise, other peaks need to be tried until the correct one is obtained. In a realistic experiment, we focus on the ZPL determined by ∆ k = −(g 
C. Force detection by scattering spectrum
The force detection scheme can also be implemented by analyzing single-photon scattering spectrum. In the scattering case, the single photon is initially in the detected continuous fields outside the cavity. In particular, we consider the case where the single photon is initially in the Lorentzian wavepacket, and there are no photons in the cavity and the undetected vacuum bath. Similar to the emission case, we first solve the scattering problem for the case where the mirror is in a number state |m 0 b . Once the solution for this case is obtained, the solution corresponding to an arbitrary initial state of the mirror can be obtained using the same procedure as the emission case. Below, we consider the initial state of the system as
where ∆ 0 and ǫ are the detuning and spectral width of the photon, respectively. The initial conditions of these probability amplitudes corresponding to state (17) are give by
Based on the initial conditions, the transient solution of these probability amplitudes can be obtained. For calculation of the scattering spectrum, we focus on the longtime solution under the condition (max{1/γ, 1/2ǫ} ≪ t ≪ 1/γ M ). Similar to the emission case, we add an index m 0 to these probability amplitudes to mark the initial state |m 0 b of the moving mirror. The expressions of the single-photon scattering solution are
where B 
The solution A m0,m (t → ∞) = 0 in Eq. (19) implies that the single photon leaks completely out of the cavity in the long-time limit. The first term of B l m,k (t → ∞) represents a physical process in which the single injected photon is directly reflected by a mirror without entering the cavity, and thus there is no energy level transition in this term. The second term of B l m,k (t → ∞) describes the physical process in which the single photon enters the cavity and then emits out of the cavity.
The above obtained scattering solution corresponds to the initial number state of the movable mirror. In principle, when the movable mirror is initially in an arbitrary state, the scattering spectrum can also be obtained. Cor- It should be noted that the form of the wave packet of injection will affect the waveform of the scattering spectrum. For the injected Lorentzian wavepacket, the width of the wave packet will determine the scattering spectrum. Below we consider two different cases of singlephoton scattering: the wide and narrow wavepacket injections.
In Fig. 5 , we plot the single-photon scattering spectrum when the mirror is initially in different states: ground state, coherent state, and thermal state. Here we consider the wide-wavepacket-injection case by choosing ǫ/ω M = 2. When the width ǫ of the injected wavepacket is larger than the mechanical frequency ω M , there always exist resonant transition channels and the photon-mirror interaction process (described by the the second term in B l m,k (t → ∞)) becomes important. Figure 5 shows that, in the single-photon scattering spectrum, there are both minor peaks and dips attached on the main Lorentzian spectrum, which are formed by quantum interference effect between the direct reflected photon and the scattered photon. For different initial states, the locations of these peaks and dips are the same, because these peaks and dips are determined by the system parameters and correspond to the transitions between the energy levels in the zero-photon and one-photon wells [ Fig. 1(b) ]. As a result, the shift of these peaks can be used to infer the magnitude of the external force. However, the height of these peaks and the depth of these dips are different because the magnitudes of these transitions depend on the initial state of the moving mirror. We also plot the scattering spectrum corresponding to various mirror's initial states in the narrow-wavepacketinjection case (see Fig. 6 ). Here we choose the wavepacket center of the injected photon as ∆ 0 = −λ so that the injected photon can resonantly enter the cavity and the photon injection will induce resonant transition |0 a |0(0) b → |1 a |0(1) b . The width of the injected wavepacket is chosen as ǫ/ω M = 0.01 such that it matches the linewidth of the detected cavity emission channel. Figure 6 shows that, in the narrow-wavepacket case, there mainly exist peaks in the spectrum and the locations of these peaks are independent of the initial states of the moving mirror. Since the injected photon can resonantly enter the cavity, then the reflected wavepacket and the scattered wavepacket will be overlapped in the frequency space. This is because the scattered photon is mostly determined by the resonant transition |1 a |0(1) b → |0 a |0(0) b and hence the locations of these sideband peaks are determined by the eigenenergy spectrum of the system. As a result, the main peak in the scattering spectrum will be located at the ∆ k = −λ, as shown in Fig. 6 .
The scattering spectrum has a similar dependence relation on the external force and hence it can also be used to detect the external force. To show the dependence of either the peak shift or the dip shift on the force magnitude, in Fig. 7 we plot the single-photon scattering spectrum as a function of ∆ k when the force parameter takes different values: η/ω M = 0.01, 0.02, and 0.04. Here we can see that the shifts of these peaks and dips depend on the magnitude of the force. Similar to the emission case, the shift of these peaks and dips can be resolved from the original peak-and dip-width when the force magnitude satisfies the relation η > ω M γ/(2g 0 ) = 0.0125ω M . As shown in the inset, only the two peak shifts corresponding to η/ω M = 0.02 and 0.04 can be resolved from the cavity field linewidth.
We also investigated the dependence of the peak shift on the external force in the narrow-wavepacket scattering case. The single-photon scattering spectrum in this case is plotted in Fig. 8 . Here we can see that the peak shift is proportional to the force magnitude, and then the force magnitude can be inferred from the peak shift. In particular, we can see a dip in the main peak (see the inset), this dip is caused by quantum interference between the directly reflected photon and the scattered photon. In Fig. 8 , we choose ∆ 0 = −λ, which corresponds to the resonant transition |0 a |0(0) b → |1 a |0(1) b . The scattered photon associated with the inverse process of this transition has the same wave-packet center with the reflected photon, and then the quantum interference effect induce observable dip in the main peak.
IV. DETECTION OF A WEAK PERIODIC FORCE
The above discussions are restricted to the detection of a weak constant force. In this section, we study how to detect a monochromatic oscillating weak force f (t) = f cos(ω f t) acting on the movable mirror, where ω f is the resonance frequency of the force. For utilizing the spectrometric method to detect the monochromatic oscillating weak force, we need to know the oscillating frequency ω f of the periodic force in advance, and then we introduce a periodic modulation with the same frequency ω f as the oscillating force to the optomechanical coupling strength: g(t) = g 0 cos(ω f t) [61] . Using the same notation as those in the above sections, the Hamiltonian of the total system including the optomechanical cavity and its vacuum bath can be expressed aŝ
where the optomechanical Hamiltonian in the modulated case readŝ H ′ opc = ω câ †â +ω Mb †b −(g 0â †â +η)(b † +b) cos(ω f t). (22) In a rotating frame with respect toĤ 0 = ω c (â †â + kĉ † kĉ k + qd † qdq ) + ω fb †b , we can obtain a Hamiltonian of the total system in the rotating frame. For force detection, we consider the parameter conditions ω f ≫ 0 and ω M + ω f ≫ (g 0 â †â + η)/2, and then by making the rotating-wave approximation we obtain
where introduce the variables ω
, and η ′ = η/2. This Hamiltonian has the same form as that in Eq. (8) , so the studies on the constant force detection can be used to detect the oscillating force.
V. DISCUSSIONS AND CONCLUSION
We now present some discussions on the parameter requirement of this scheme and the precision of the force detection. In this scheme, the optomechanical cavity should work in the resolved-sideband regime γ/ω M ≪ 1 and the single-photon strong-coupling regime g 0 > γ so that the sideband peaks can be used to characterize the force detection. This requires that the decay rate of the cavity should be as small as possible. To resolve the peak shift from the cavity line width, the condition 2g 0 η/ω M ≥ γ should be satisfied. Then the magnitude of the minimum measurable force can be obtained as γω M /(2g 0 x 0 ). According to current experimental conditions [3] , we take a set of parameters corresponding to the single-photon strong-coupling regime: γ/ω M ≈ 0.01, g 0 /ω M ≈ 1, ω M ≈ 2π × 100 MHz, and the zero-point fluctuation x 0 ∼ 0.4 × 10 −14 m, then the minimum measurable force magnitude can reach f ≈ 3.3 × 10 −14 N. In conclusion, we proposed a spectroscopic method to detect a classical force, which is acted on the moving end mirror of an optomechanical cavity. We obtained the analytical solutions of the single photon emission and scattering problem and the corresponding spectra. We presented the parameter conditions under which the magnitude of the force can be inferred from the spectra. We also extended this spectrometric method to detect the magnitude of a monochromatic oscillating force by introducing a time modulation to the optomechanical coupling strength.
